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POLYNOMIAL PRECONDITIONED BICGSTAB AND IDR

JENNIFER A. LOE† AND RONALD B. MORGAN‡

Abstract. Polynomial preconditioning is applied to the nonsymmetric Lanczos methods BiCGStab
and IDR for solving large nonsymmetric systems of linear equations. A polynomial related to the
minimum residual polynomial is used for the preconditioner. It is implemented in a simple way that
makes polynomial preconditioning of nonsymmetric matrices more practical. This preconditioning
can reduce costs, especially for difficult problems. It also can improve stability for highly non-normal
or indefinite matrices. Examples are given to demonstrate this.
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1. Introduction. The nonsymmetric Lanczos algorithm [8, 10] can be used to
derive iterative methods for solving large nonsymmetric systems of linear equations.
Two such methods are BiCGStab [26] and IDR [22]. We look at applying poly-
nomial preconditioning to these methods. The preconditioning is done in a simple
way involving the minimum residual polynomial. It will be shown that polynomial
preconditioning can often reduce costs and improve stability.

Polynomial preconditioning involves multiplying a matrix by a polynomial of the
matrix and thus changing or preconditioning the spectrum. With right precondition-
ing, the system of linear equations Ax = b is transformed to Ap(A)y = b, with
x = p(A)y, where p is a polynomial of degree deg − 1. Define the polynomial
s(α) = α ∗ p(α). Then the polynomial preconditioned problem is s(A)y = b, with
s of degree deg.

Polynomial preconditioning has been investigated extensively for solving linear
equations. A few references are [3, 9, 23, 16, 17, 20, 14, 2, 4, 7] and see [18] for a
summary. In spite of much work being done, polynomial preconditioning does not
seem to have caught on in practice. It is shown in [11] that for difficult problems,
polynomial preconditioning can greatly improve the restarted GMRES method [19].
This is partly because with more matrix-vector products per iteration, there are less
iterations and thus less orthogonalization expense. Also, the polynomial precondi-
tioning allows the method to use higher degree polynomials, and thus for difficult
problems, the convergence in terms of matrix-vector products can be substantially
reduced. Polynomial preconditioning can be combined with regular preconditioning
but may not be needed if the regular preconditioning is extremely effective.

Krylov iterative methods for solving large systems of linear equations may either
use full orthogonalization, as in GMRES, or be based on the nonsymmetric Lanczos
recurrence, as with CGS [21], TFQMR [6], BiCGStab and IDR. The Lanczos methods
do not need to be restarted, so they can develop larger Krylov subspaces. For difficult
problems, this sometimes leads to much faster convergence than restarted GMRES.
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We will apply polynomial preconditioning to non-restarted methods. It may seem
that there is no reason for this. Since they do not restart, they naturally use high
degree polynomials. However, the goal of this paper is to show that this polynomial
preconditioning is worth considering. We give four reasons for this:

Reason 1: Sometimes it is more efficient to apply together the deg matrix-vector
products used by the polynomial preconditioned operator. This can be either because
of the form of the matrix or to take advantage of parallel processing. This is problem
and computer dependent and will not be considered further.
Reason 2: Polynomial preconditioning decreases the number of vector operations per
matrix-vector product. Therefore, the expense can be significantly reduced for fairly
sparse matrices. Also, reducing dot products helps cut communication costs.
Reason 3: We can view polynomial preconditioning as creating an easier problem
with a better distribution of eigenvalues. The spectrum of s(A) is hopefully better
than that of A, with the tradeoff that more matrix-vector products are needed per
iteration. Non-restarted Krylov solvers are not optimal; they are not guaranteed to
find the best approximate solution from the subspace. Roundoff error can add to this
problem. The approximation is particularly likely to not be nearly optimal for difficult
problems. The easier polynomial preconditioned problem can thus potentially give
faster convergence in terms of matrix-vector products.
Reason 4: Non-restarted linear equations solvers can have stability problems for cer-
tain cases. The easier spectrum created by the polynomial preconditioning (as dis-
cussed in Reason 3) may help with stability.

This paper is structured as follows: Section 2 gives the algorithm for finding the
polynomial. Section 3 considers Reasons 2 and 3 (above) and shows that polynomial
preconditioning can reduce costs. Improved stability, as mentioned in Reason 4, is in
Section 4.

2. The Polynomial. Here we discuss our implementation of the polynomial
preconditioner. We use polynomials related to the minimum residual or GMRES
polynomial. This polynomial has harmonic Ritz values [12, 15] as roots [5, 13]. As
detailed in the next paragraph, if this minimum residual polynomial is q, then s = 1−q,
so s can be implemented with harmonic Ritz values. However, then it is difficult to
accurately implement p [11]. Instead, we develop p and use it for s.

For a Krylov subspace K = Span{b, Ab,A2b, . . . , Adeg−1b} of dimension deg, the
approximate solution from K is x̂ = p(A)b, where p is a polynomial of degree deg−1.
We let s be the degree deg polynomial defined by s(α) = αp(α). The residual vector
is r = b − Ax̂ = q(A)b, where q(α) = 1 − αp(α) = 1 − s(α). We choose the p and s
polynomials to correspond to the q that minimizes the norm of the residual vector.
We will compute them in the simple way from [1, 11] using a power basis. Let

V = [b, Ab,A2b, . . . , Adeg−1b].

Solve

(AV )T (AV )d = (AV )T b

for d. Then x̂ = V d, and d has the coefficients of p. Coefficients of s are the same but
shifted since s(α) = αp(α). This process can clearly be unstable because the columns
of V become nearly linearly dependent for large deg. However, in [11] it is shown
that this can be useful for low degree polynomials. If higher degree polynomials are
needed, more stable methods are given in [11], but they are not considered here.
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Fig. 3.1. Convection-diffusion equation with n = 160, 000. Polynomials of different degree are
compared to no polynomial preconditioning for BiCGStab and IDR(4). Both matrix-vector products
and an estimate of the overall cost are given.

3. Cost. In this section, we give tests showing that polynomial preconditioning
can reduce costs by cutting the number of length-n vector operations. Occasionally
for difficult problems, the number of matrix-vector products can also be reduced.

In all examples, we apply right preconditioning to both BiCGStab and IDR(4) and
compare to the non-preconditioned versions. The degree given for the polynomial is
the degree of s(α). Degree 1 means no polynomial preconditioning. We programmed
BiCGStab in MATLAB. For IDR, we use the program described in the paper [27]
and available in MATLAB from the authors. Only the default method IDR(4) is
considered. We use residual norm tolerance 10−10. Right-hand sides are generated
with random Normal(0,1) elements, then normed to 1.

Example 1. Let the matrix be from finite difference discretization of the partial
differential operator uxx + uyy + 20ux on the unit square with Dirichlet boundary
conditions. With h = 1

401 , the matrix is size n = 160, 000. Polynomials s(α) of degree
3, 5, 10 and 15 are used. The top half of Figure 3.1 has the matrix-vector products.
For BiCGStab, the number of matrix-vector products is higher with polynomial pre-
conditioning except for being slightly lower with deg = 3. With IDR, polynomial
preconditioning reduces matrix-vector products a little except for deg = 15. IDR
needs less matrix-vector products than BiCGStab for all the tests with polynomial
preconditioning.

The bottom half of the figure has an estimate of the overall cost in terms of vector
operations, calculated as cost = 5 ∗mvp+ vops. Here vops is the number of length n
vector operations such as dot products and daxpys, and mvp is the number of matrix-
vector products. The actual execution time depends on many factors including the
computer architecture, but hopefully this cost estimate gives some useful information.
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Fig. 3.2. Convection-diffusion with top half of operator multiplied by 250. Again n = 160, 000.
The top half of the figure has matrix-vector products and the estimate of cost (scaled by one-tenth)
for different degree polynomials and BiCGStab. The bottom half has the residual norm convergence
of IDR(4) with different degree polynomials.

BiCGStab uses 2 mvps and 12 vops for every iteration. Polynomial preconditioned
BiCGStab uses 2∗deg matrix-vector products and 12+2∗deg vector ops per iteration.
The extra 2 ∗ deg vector ops are part of implementing s(A) times a vector twice. The
figure shows that polynomial preconditioning gives a significant improvement. For
instance, for polynomial preconditioned BiCGStab with deg = 10, the cost is 12,842
versus 19,690 for regular BiCGStab.

IDR(4) uses more length n vector operations per iteration than BiCGStab with
25.6 per iteration to go along with the two matrix-vector products. Therefore poly-
nomial preconditioning can potentially help IDR more by reducing the iterations and
thus the vector ops. For example, the cost estimate is reduced from 32,218 down to
13,201 with deg = 10.

Example 2. We now modify the matrix from Example 1 to make it more ill-
conditioned. The top half of the unit square has the differential operator multiplied
by 250, so it is 250uxx + 250uyy + 5000ux. In the bottom half, it stays the same as
in the previous example. The ratio of largest to smallest eigenvalue is 2 ∗ 106. The
linear equations problem is now difficult enough that polynomial preconditioning can
reduce matrix-vector products as mentioned by Reason 3 in the Introduction. The
top half of Figure 3.2 has the number of matrix-vector products and the estimate of
cost for BiCGStab. Polynomial preconditioning with deg = 10 is best. It reduces the
mvp’s by 30% and the cost by 58%.

IDR is much less effective than BiCGStab for this matrix. Regular IDR(4) does
not converge. Polynomial preconditioning helps; see the residual norm curves in the
bottom of Figure 3.2. With deg = 5, the method converges slowly. With deg = 10
and 15, convergence is much better, although still a little slower than BiCGStab.
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Fig. 4.1. Regular BiCGStab compared to polynomial preconditioned BiCGStab for 20 right-hand
sides. Polynomials are deg = 5, 10, 15. Matrix is bidiagonal with superdiagonal of 1.

This example with polynomial preconditioning helping IDR to converge leads into
the next section where we look at problems for which the solvers may be unstable.

4. Stability. Methods based on the nonsymmetric Lanczos algorithm always
have potential for instability. This is particularly true for highly non-normal problems.
Even though BiCGStab and IDR are designed to work well for such problems, they
still can have trouble. In the next example, we see that instability increases as the
matrix is made more non-normal and that polynomial preconditioning can help. Then
in the final example, the indefiniteness of a matrix is increased.

Example 3. We let the matrix be bidiagonal of size n = 10, 000. The diagonal
elements are 0.1, 0.2, 0.3, . . . 9.8, 9.9, 10, 11, 12, . . . , 9909, 9910, and the superdiagonal
elements are all the same, say β. The value of β will vary. As β increases, the matrix
becomes more non-normal and more difficult to solve. We first let β = 1 and solve
systems of equations with 20 random right-hand sides. Regular BiCGStab is applied
and then polynomial preconditioned BiCGStab with polynomials of degree 5, 10 and
15. The maximum number of matrix-vector products is set at 30,000. Figure 4.1 gives
the number of matrix-vector products needed for convergence. The symbols at the
top of the graph at 30,000 indicate that the method did not converge. For eight of
the right-hand sides, regular BiCGStab is the best method in terms of matrix-vector
products. For others it converges slowly, and for five it does not converge. With
polynomial preconditioning there is again variability, but the results are improved.
All systems converge except for one with deg = 15. The β = 1 column of Table 4.1
gives the number of systems that converge with each degree polynomial (deg = 1
indicates regular BiCGStab). The table also includes results for β = 1.5 and β = 2,
displaying the number of systems that converge within 40,000 matrix-vector products
for β = 1.5 and within 50,000 for β = 2. Polynomial preconditioning usually improves
the method. For instance, with β = 2 and deg = 10, 15 of the 20 systems converge
compared to only two for regular BiCGStab. Figure 4.2 has the number of matrix-
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Fig. 4.2. Regular BiCGStab compared to polynomial preconditioned BiCGStab for 20 right-hand
sides. Polynomials are deg = 5, 10, 15. Matrix is bidiagonal with superdiagonal of 2.

Table 4.1
BiCGStab with and without polynomial preconditioning and with increasing superdiagonal

terms. The number of systems that converge is given out of 20 right-hand sides.

β = 1 β = 1.5 β = 2
deg 30,000 max 40,000 max 50,000 max

1 15 5 2
5 20 17 12
10 20 19 15
15 19 19 14

vector products for each β = 2 system that converges. Again the symbols at the top
are for the systems that do not converge.

Next IDR is tested. For this problem it is more effective than BiCGStab. Fig-
ure 4.3 shows results of tests with β = 2. Here we consider IDR to have converged
even if it returns FLAG=2. This indicates that it may not have reached the full
desired accuracy but has made progress. FLAG=1 indicates little or no convergence.
Under this assumption, regular IDR converges in under 30,000 matrix-vector prod-
ucts for all 20 systems, and the average relative residual outputted by the routine is
RELRES=5.7 ∗ 10−7. Figure 4.3 shows that polynomial preconditioning significantly
reduces the number of matrix-vector products, except for two systems that do not
converge within 30,000 for deg = 15. The solution accuracy is also better with deg = 5
and 10. The average RELRES is 6.3 ∗ 10−8 for deg = 5, 1.6 ∗ 10−8 for deg = 10 and
7.2 ∗ 10−7 for the 18 systems that converge with deg = 15.

Finally, Figure 4.4 has results with β = 3. Regular IDR does not converge for any
of the 20 right-hand sides. All of the polynomial preconditioned runs do converge, at
least in the sense of getting FLAG=2. Degree 10 usually has the fewest matrix-vector
products. RELRES ranges from 1.4∗10−1 up to 6.5∗107 for regular IDR. The average
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Fig. 4.3. IDR for 20 right-hand sides compared to IDR with polynomial preconditioning. The
polynomials have deg = 5, 10, 15. Matrix is bidiagonal with superdiagonal of 2.
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Fig. 4.4. IDR for 20 right-hand sides compared to IDR with polynomial preconditioning using
polynomials of deg = 5, 10 and 15. Matrix is bidiagonal with superdiagonal of 3.

RELRES is 5.0 ∗ 10−4 with deg = 5, then 8.0 ∗ 10−5 for deg = 10, and 1.7 ∗ 10−5 for
deg = 15. The combination of IDR and polynomial preconditioning allows us to find
approximate solutions with a difficult non-normal matrix.

Figure 4.5 has plots of the pseudospectrum [24, 25] for a smaller version of this
matrix with n = 150. It has the same 100 small eigenvalues, but the largest eigenvalue
is 60. The β is again 3. The top of the figure has the pseudospectrum for A and the



8 J. A. LOE, R. B. MORGAN

Deg=5, Real Axis

Im
ag

 A
xi

s

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2

−0.5

0

0.5

Real Axis

Im
ag

 A
xi

s

0 10 20 30 40 50 60
−3

−2

−1

0

1

2

3

−12
−11.4
−10.8
−10.2
−9.6
−9
−8.4
−7.8
−7.2
−6.6
−6
−5.4
−4.8
−4.2
−3.6
−3
−2

Fig. 4.5. Pseudospectra for A and for s(A) with deg = 5. Matrix is bidiagonal with superdiag-
onal of 3 and n = 150.

bottom has the pseudospectrum for s(A) with s of degree 5. It is not clear that the
non-normality is improved by the polynomial preconditioning. The overall spectrum is
improved, and perhaps this helps the iterative method to deal with the non-normality.

Example 4. We generate a matrix B that is 500 by 500 with all of the elements
random Normal(0,1). The eigenvalues are roughly inside of a circle centered at the
origin with radius between 21 and 22. We shift the matrix by multiples of the identity
to make it more reasonable for solving the linear equations. So A = B − σI.

We first compare regular BiCGStab to polynomial preconditioned BiCGStab and
give results with one random right-hand side. Other right-hand sides seem to give
similar results. The first matrix has shift σ = 22. The leftmost eigenvalues in the
complex plane have real part 1.043, so the matrix is somewhat away from being indef-
inite. A matrix is considered to be indefinite if it has eigenvalues with both positive
and negative real parts. In terms of matrix-vector products, regular BiCGStab out-
performs polynomial preconditioned, 404 compared to 429 with deg = 5 and 459
with deg = 10. Next, the shift is changed to 21.5. Polynomial preconditioning now
needs less matrix-vector products with 519 for deg = 10 compared to 672 for regular
BiCGStab; see Figure 4.6 for the residual norm curves. Though not shown in the
figure, deg = 5 also uses 519 mvp’s. Finally with σ = 21, all eigenvalues still have
positive real parts, but four are very near the edge. Also importantly, the spectrum is
difficult for solving linear equations due to having eigenvalues both above and below
the origin. The top left portion of Figure 4.7 has these eigenvalues plotted. Regular
BiCGStab does not converge (it produces NAN’s after 348 mvp’s). Meanwhile with
polynomial preconditioning, BiCGStab converges with 659 matrix-vector products for
deg = 5 and 699 for deg = 10. These runs are also on Figure 4.6. The top right of
Figure 4.7 has a plot of the absolute value of the polynomial s(α) of deg = 5. The
eigenvalues of the resulting matrix s(A) are in the bottom left of the figure. While
there are still eigenvalues on the edge of the positive real part of the complex plane,
many eigenvalues are moved together near one making this an easier spectrum. The
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Fig. 4.6. Shifted random matrix with two shifts. Compare regular BiCGStab to polynomial
preconditioned BiCGStab.

deg = 10 polynomial preconditioned version converges for shifts as far down as σ = 18
(with 5079 matrix-vector products needed). There are 29 eigenvalues with negative
real parts for this matrix, so the polynomial preconditioning helps BiCGStab to be
much more effective for these indefinite problems.

IDR is much better than BiCGStab at handling this indefiniteness and so we can
look at smaller shifts that give more indefinite matrices. The top of Figure 4.8 has
matrix-vector product results for IDR without polynomial preconditioning and with
polynomials of degree 3 and 5. Results for deg = 10 are not quite as good. Regular
IDR converges with FLAG=2 for shifts of 19 down to 9, although with increasing
number of matrix-vector products and decreasing final residual norm. By σ = 9,
there are 127 eigenvalues with negative real parts, and so the origin is deep into the
spectrum. For the larger shifts (easier problems), polynomial preconditioning uses
more matrix-vector products, but both degree polynomials give a reduction for σ = 11
and smaller. However, it is the final residual norms that are substantially improved
by polynomial preconditioning; see the bottom of Figure 4.8. They are several orders
of magnitude better for the smaller shifts. At σ = 8, regular IDR does not converge
(FLAG=1). The polynomial preconditioned versions do converge to some degree with
final residual norms of 2.3 ∗ 10−4 with deg = 3 and 3.9 ∗ 10−5 for deg = 5.

We look at the polynomial preconditioned spectrum with σ = 12 and deg =
5. The bottom right of Figure 4.7 has the eigenvalues of s(A). There are many
eigenvalues with negative real parts, specifically 55. This compares to 93 for A (the
eigenvalues are the same as in the top left part of the figure except shifted left by 9).
While the spectrum is still very indefinite, it is better because of less negative real part
eigenvalues and especially due to the clumping together of many of the eigenvalues.

5. Conclusion. Polynomial preconditioning for BiCGStab and IDR can increase
the number of matrix-vector products, but may still reduce the cost by cutting the
number of vector operations. Communication costs may thus also be reduced. For
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Fig. 4.7. Top left has the eigenvalues of the random matrix with shift σ = 21. Top right has
the absolute value of the polynomial s of degree 5 for σ = 21. Bottom left has the eigenvalues of
s(A) for deg = 5. Bottom right has the eigenvalues of s(A) with σ = 12 and deg = 5.
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Fig. 4.8. Different shifts of the random matrix. Compare regular IDR to IDR with polynomial
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very difficult problems, the number of matrix-vector products may be decreased. Also,
examples show that stability is improved for indefinite and highly-normal matrices.

In this work, the polynomial is generated in a simple way with a power basis. It
would be interesting to compare with higher degree polynomials found by more stable
methods in [11]. Comparisons with other choices for the polynomial preconditioner
would also be worthwhile.

A comparison of BiCGStab and IDR was not the purpose of this paper. However,
it is interesting that IDR is significantly better for the examples that challenge stability
with non-normality or indefiniteness. But in Example 2 with a problem that is ill-
conditioned due to small and large eigenvalues, BiCGStab is best.
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