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The problem of finding interior eigenvalues of a large nonsymmetric matrix is examined. A procedure for
extracting approximate eigenpairs from a subspace is discussed. It is related to the Rayleigh–Ritz procedure,
but is designed for finding interior eigenvalues. Harmonic Ritz values and other approximate eigenvalues
are generated. This procedure can be applied to the Arnoldi method, to preconditioning methods, and to
other methods for nonsymmetric eigenvalue problems that use the Rayleigh–Ritz procedure. The subject of
estimating the boundary of the entire spectrum is briefly discussed, and the importance of preconditioning
for interior eigenvalue problems is mentioned. © 1998 John Wiley & Sons, Ltd.
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1. Introduction

We examine the problem of finding a few of the interior eigenvalues of a large nonsymmetric
matrix. These eigenvalues are far enough toward the middle of the spectrum that it is
impractical to compute all of the eigenvalues exterior to them. It is also assumed that
factoring the matrix is impractical. This makes the problem very difficult.

There are an increasing number of applications for which interior eigenvalues are de-
sired. Eigenvalues in the middle of the spectrum are needed for studying tidal motion [7],
and for both adaptive polynomial preconditioning [1, 13] and Richardson’s iteration [5]
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for indefinite systems of linear equations. Nonsymmetric examples include some weather
forecasting models [51], and stability analysis in computational fluid dynamics [25]. In
addition, some iterative methods for non-symmetric indefinite systems of linear equations
[12, 23, 53] require estimates of interior eigenvalues. And approximations of the eigenvec-
tors corresponding to interior eigenvalues can be used to improve the convergence of the
GMRES method for non-symmetric systems of linear equations [30].

LetB be a large,n by nmatrix. The standard way of computing eigenvalues is to use the
Rayleigh–Ritz procedure [35, 39] to extract approximate eigenvectors from a subspace of
Rn.

1.1. The Rayleigh–Ritz procedure

1. Choose a subspaceS of dimensionj . ComputeP , ann by j orthonormal matrix with
columns spanningS.

2. Calculate thej by j matrixG = P ∗BP .
3. Compute eigenpairs(ρi, gi) of G.
4. Theρi ’s are approximate eigenvalues ofB. They are called Ritz values. If desired,

compute the corresponding approximate eigenvectorsyi = Pgi , called Ritz vectors.
Norms of residual vectorsri ≡ Byi−ρiyi

||yi || can be computed to check the accuracy.

The subspace for the Rayleigh–Ritz procedure is often chosen to be a Krylov subspace [35,
39]. For symmetric matrices this leads to the Lanczos algorithm [21, 35]. For non-symmetric
problems, the Lanczos algorithm can be generalized as the Arnoldi method [2, 28, 39, 40,
42, 49] or as the non-symmetric Lanczos algorithm [21, 36, 39]. Subspace iteration [18, 35]
is a related method that also uses the Rayleigh–Ritz procedure. Another approach is to use
preconditioning methods such as Davidson’s method and its generalizations [9, 27, 29, 31,
48, 50]. In these methods the Rayleigh–Ritz procedure is applied to a subspace generated
with a preconditioned operator.

Unfortunately, the Rayleigh–Ritz procedure usually does a better job of finding estimates
for exterior eigenvalues than for interior eigenvalues. For the case of a symmetric matrix,
the Rayleigh–Ritz procedure achieves a collective optimality for all of its approximations
[35, pp. 215–217]. But also, approximations of the most exterior eigenvalues are optimal in
a certain sense. By this we refer to the fact that one of the Ritz values is the largest possible
Rayleigh quotient from a vector in the subspace [35, p. 215]. Thus, this Ritz value is the
closest possible approximation to the largest eigenvalue. This Ritz value is not accurate
if a poor subspace is used, but it is the best possible from the given subspace. With a
non-symmetric matrix, no optimality is guaranteed, but the Rayleigh–Ritz procedure still
usually does a good job finding exterior eigenvalues (for highly non-normal matrices, the
situation can be more complicated; see, for example, [52]). For interior eigenvalues, the
Rayleigh–Ritz procedure may give poor approximations even in the symmetric case. We
discuss this further in the next paragraph and explain what generally happens.

When a Ritz value is near the exterior of the spectrum, the corresponding Ritz vector
usually has some significance. Even if it is not an accurate approximation to a particular
eigenvector, it is generally weighted more heavily in directions of eigenvectors correspond-
ing to eigenvalues in that region of the spectrum. Now consider a Ritz value in the interior
of the spectrum. The Ritz vector may be mostly a combination of nearby eigenvectors, or it
may have large components of eigenvectors from all over the spectrum. The effects of these
different components can cancel each other out to produce a Ritz value in the interior. We
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refer to this as a spurious Ritz value, because its value is not significant. Suppose now that
the subspace contains an accurate approximation of a particular eigenvector. Then if the
corresponding eigenvalue is on the exterior of the spectrum, the Rayleigh–Ritz procedure
will generally give a Ritz vector of about the desired accuracy. But for an interior eigen-
value, there may or may not be a Ritz vector of that accuracy (see Example 1 in [26]). Loss
of accuracy happens when there is a spurious Ritz value that falls near the significant Ritz
value. With two Ritz values near each other, the corresponding eigenvectors blend together.
There is no way to know when a spurious Ritz value will fall near and decrease the accuracy
of the approximate eigenvector. However, as the approximation in the subspace becomes
more accurate, it is less likely to be perturbed by a spurious Ritz value. So there are fewer
problems as the subspace gets larger.

In conclusion, there are two difficulties in using the Rayleigh–Ritz procedure to compute
interior eigenvalues. First, the approximations may be less accurate than expected from
the given subspace. Second, even if there is a good approximation, it may be difficult to
distinguish it from spurious Ritz values. To tell the difference between the significant and
the spurious Ritz values, it is necessary to compute the residual norms.

Because the Rayleigh–Ritz procedure is better for exterior eigenvalues, it would be de-
sirable to convert interior eigenvalues into exterior ones. This paper discusses a way of
doing this implicitly. A version of the Rayleigh–Ritz procedure is given that is designed
for finding interior eigenvalues. It is called ‘Interior’ or ‘Harmonic’ Rayleigh–Ritz. It is an
extension of the procedure in [26] for symmetric matrices. See [33] for further discussion
and for relationships for solving linear equations.

Some specific cases of the procedure presented in this paper have been considered else-
where, as is mentioned in the next paragragh. The main contribution of this paper is to give
the general procedure and give a full development, including use with different eigenvalue
methods. Extending the procedure from the symmetric case in [26] is fairly straightforward,
but the application and analysis are somewhat different. We feel there are actually three tools
needed for solving realistic interior eigenvalue problems: an effective projection technique,
a method for improving the spectrum with preconditioning and good preconditioners for
indefinite matrices. This paper concentrates on the first two of these tools. It is demon-
strated that the Interior Rayleigh–Ritz procedure is better than standard Rayleigh–Ritz for
interior eigenvalues, and it is shown that the preconditioning approach of Davidson type
methods can generate much better subspaces. However, the paper does not give precondi-
tioners for general interior eigenvalue problems. It is only indicated that it makes sense to
try preconditioners that have been developed for indefinite linear equations.

Section 2 gives the projection method for extracting interior eigenvalues from a given
subspace. The next two sections consider applications of this procedure to specific eigen-
value methods. Section 3 deals with the Arnoldi method. An interior eigenvalue version of
the Arnoldi method is developed. A special case of this method is considered briefly in [4]
and is also related to finding zeros of the GMRES polynomial [14, 15, 22, 23, 32, 44]. There
is also a relationship to the Temple–Lehmann bounds; see [19, 20, 33]. Section 4 deals with
preconditioning methods for eigenvalue problems. See also [26] for consideration of the
symmetric case, and see [48] for related work with the Jacobi–Davidson method.
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2. A modified Rayleigh–Ritz procedure for interior eigenvalues

We consider then by n non-symmetric eigenvalue problem

Bz = λz (2.1)

Let S be aj -dimensional subspace ofRn. It is from this subspace that we wish to extract
approximate eigenvectors. Suppose the eigenvalues nearest toσ are needed. Then ideally, the
Rayleigh–Ritz procedure should be used with the shifted and inverted operator(B−σI)−1

[11, 45]. The significant eigenvalues are shifted to the exterior of the spectrum of this
operator. The shifted and inverted operator not only yields a better Rayleigh–Ritz procedure,
but can also be used to develop a very good subspace. However, we avoid this operator
because a matrix–vector product with(B − σI)−1 requires either a matrix factorization
(assumed to be impractical) or an iterative method to solve a system of linear equations.
We make use of the this inverted operator in deriving a procedure, but in implementing
the actual procedure, no inverted operator is needed; and importantly, the subspace from
which approximate eigenvectors are extracted is not generated with the inverted operator.
The Rayleigh–Ritz extraction is improved, but the subspace is not improved.

The generalized Rayleigh–Ritz procedure uses the reduced eigenvalue problem

Q∗BQg = θQ∗Qg (2.2)

whereQ is ann byj matrix whose columns span the desired subspaceS. Unlike for standard
Rayleigh–Ritz,Q is not required to have orthonormal columns.

For the shifted and inverted problem, applying generalized Rayleigh–Ritz gives

Q∗(B − σI)−1Qg = 1

θ − σ
Q∗Qg (2.3)

where(θ,Qg) is an approximate eigenpair forB. Ideally, this should be solved withQ
representing the subspaceS. Because of the difficulty with the inverted operator, instead let
P have columns spanningSand letQ = (B − σI)P . Then (2.3) becomes

P ∗(B − σI)∗Pg = 1

θ − σ
P ∗(B − σI)∗(B − σI)Pg (2.4)

Solving this smallj by j generalized eigenvalue problem gives approximate eigenpairs
( 1
θ−σ ,Qg) of (B − σI)−1, since equation (2.3) is indirectly being solved. Corresponding

to this are approximate eigenpairs(θ,Qg) of B, but a better choice for an approximate
eigenpair ofB is (ρ, Pg), whereρ is the Rayleigh quotient ofPg with respect toB. The
vectorPg is generally a better approximate eigenvector thanQg becausePg = (B −
σI)−1Qg. So,Pg is the result of applying one step of a shifted inverse iteration toQg.
Sinceρ is the Rayleigh quotient of a better vector, it is generally a better approximate
eigenvalue thanθ . Using the terminology in [33],θ is a harmonic Ritz value andPg is a
harmonic Ritz vector.

We next give the algorithm for this approach, which we call Interior Rayleigh–Ritz. As
mentioned in the introduction, it is a generalization of the procedure given for symmetric
matrices in [26].
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2.1. ‘Interior’ or ‘Harmonic’ Rayleigh–Ritz

1. Choose a subspace of dimensionj . ComputeP , ann by j matrix with columns spanning
the subspace.

2. CalculateG = P ∗(B − σI)P andW = P ∗(B − σI)∗(B − σI)P .

3. Compute the desired number of the largest eigenpairs ofG∗gi = αiWgi .

4. As desired, computeθi = σ + 1
αi

, yi = Pgi , andρi = y∗
i
Byi

y∗
i
yi

. Norms of residual vectors

ri = Byi−ρiyi
||yi || can be computed to check the accuracy.

We expect that the approximations given by Interior Rayleigh–Ritz will be significant be-
cause( 1

θi−σ ,Qgi) is an approximation of an exterior eigenpair of(B−σI)−1. As discussed
in Section 1, we expect approximations to exterior eigenvalues to have some significance.
In the symmetric case, an indirect optimality can be established; see [26].

In comparing this procedure with standard Rayleigh–Ritz, we do not expect a remark-
able improvement. This is because the two methods use the same subspace. As mentioned
earlier, for a greater improvement, the shifted-and-inverted operator should be used to gen-
erate a better subspace. This situation is somewhat analogous to comparing SYMMLQ
with MINRES [33, 34] or comparing FOM with GMRES [43] for solving indefinite lin-
ear equations. While MINRES (or GMRES) is expected to be better than SYMMLQ (or
FOM), the difference may be marginal because both methods use the same subspace. In the
non-symmetric case with GMRES versus FOM, the difference is more important because
restarting is frequently used, and it is important to restart with the best approximate solu-
tion. Likewise for non-symmetric eigenvalue problems, the Interior Rayleigh–Ritz may be
more important than it was for symmetric problems. There is an important exception to this
analogy with linear equations methods. The preconditioning methods for eigenvalues that
are discussed in Section 4 use an approximate eigenvector at every step to help generate
the subspace. So the accuracy of the subspace is dependent upon having good approximate
eigenvectors along the way. The Interior Rayleigh–Ritz procedure can then have a quite
significant advantage.

Effectiveness of the Interior Rayleigh–Ritz method is reduced whenσ is equal or very
near to an eigenvalue ofB, but the procedure seems to still be useful (see the last part of
example 1 in the next section and also the discussion in [26]).

Theρi values can be found without formingyi , if P is orthonormal. Forgi of unit length,

ρi = (Pgi)
∗BPgi

(Pgi)∗Pgi

= σ + g∗
i P

∗(B − σI)Pgi

g∗
i P

∗Pgi
(2.5)

= σ + g∗
i Ggi

The following theorem gives a simple formula for the residual norm. This is a little
surprising, because there is not a corresponding formula for standard Rayleigh–Ritz. The
additional work done in forming and solving the small generalized eigenvalue problem (2.4)
allows this result. Note however, that the formula can lose accuracy as the approximate
eigenvector converges and theθ andρ values become too close.
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Theorem 2.1. The residual norm can be calculated with the formula

||ri ||2 = (ρi − σ)∗(θi − ρi) (2.6)

Proof
For simplicity, we drop the subscripts. Lety = Pg be a unit vector. Using first equation
(2.4), then the definition ofρ,

y∗(B − σI)∗(B − σI)y = (θ − σ)y∗(B − σI)∗y
= (θ − σ)(ρ − σ)∗ (2.7)

Next

r∗r = (By − ρy)∗(By − ρy)

= (
(By − σy)+ (σ − ρ)y

)∗(
(By − σy)+ (σ − ρ)y

)

Multiplying this out and using equation (2.7) and the definition ofρ, we have

r∗r = (ρ − σ)∗(θ − σ)+ (σ − ρ)∗(ρ − σ)+ (σ − ρ)(ρ − σ)∗ + (σ − ρ)∗(σ − ρ)

= (ρ − σ)∗(θ − ρ),

and the proof is complete.

The Rayleigh–Ritz procedure is often used iteratively with subspaces of increasing di-
mension and improving accuracy. Assume thatr∗i ri is converging to zero. Ifσ is not equal
to an eigenvalue ofB, we can boundρi away fromσ . Then from (2.6),|θi − ρi | converges
to zero. So theθi andρi values generally get closer together as the approximation gets more
accurate. The following interesting relationship betweenθi andρi can also be derived.

Corollary 2.1. The valuesσ , θi andρi are on the same line in the complex plane. Fur-
thermore,ρi is betweenσ andθi .

Proof
It is a simple calculation to establish for complex numbersu andv, that if u∗v is a real
number, then the vectors in the complex plane corresponding tou andv are parallel. Fur-
thermore, ifu∗v > 0, then the vectorsu andv have the same direction. Note thatr∗r is a
positive-real number. From equation (2.6) it follows that if the complex numbers(ρi − σ)

and(θi−ρi) are viewed as vectors, they have the same direction. The desired result follows.

Even though theθ or harmonic values are not expected to be as accurate as theρ values,
they can be useful. It is possible to haveρ values nearσ that are spurious. With theθ ’s this
is very unlikely, sinceθ comes from the shifted and inverted problem. In fact, it is easy to
show that there is a region aroundσ in which noθ can fall.

Theorem 2.2. Assumeσ is not an eigenvalue ofB. Then there exists a positive numberδ
such that|θi − σ | > δ.

Proof
The matrix(B − σI)−1 exists, by assumption. Since1

θi−σ is the Rayleigh quotient ofQgi
with respect to(B − σI)−1, 1

θi−σ ∈ F
(
(B − σI)−1

)
, the field of values of(B − σ)−1.
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F
(
(B−σI)−1

)
is bounded, so there is aβ > 0 such that|α| < β, for allα ∈ F (

(B−σI)−1
)
.

Therefore| 1
θi−σ | < β. Let δ = 1

β
. Then|θi − σ | > δ.

The θ values can be used to pick which approximate eigenpairs are significant. The
approximate eigenpairs corresponding to theθ values nearestσ are generally the most
significant.

The Interior Rayleigh–Ritz procedure can be viewed as an oblique Petrov–Galerkin
projection [39]. The matrix is(B−σI), the approximations are from the subspace spanned
by the columns ofP , and the orthogonalization is enforced against the subspace spanned
by the columns of(B − σI)P .

An orthogonality condition can be given for the vectorsr̃i = Byi − θiyi . Note these
vectors are not the residual vectors given in the Interior Rayleigh–Ritz algorithm. Here the
θ value is used instead of the betterρ value. Again following [33], we call these harmonic
residual vectors. This result is also given in [48], for the case ofσ = 0.

Theorem 2.3. The harmonic residual vectors̃ri ≡ Byi − θiyi are orthogonal to the sub-
space spanned by the columns of(B − σI)P .

Proof

(
(B − σI)P

)∗
r̃i = P ∗(B − σI)∗(Byi − θiyi)

= P ∗(B − σI)∗
(
(B − σI)yi − (θi − σ)yi

)

= P ∗(B − σI)∗(B − σI)yi − (θi − σ)P ∗(B − σI)∗yi
= P ∗(B − σI)∗(B − σI)Pgi − (θi − σ)P ∗(B − σI)∗Pgi
= 0

The last step is because (θi , gi) is a solution of (2.4).

3. Applications to the Arnoldi method

The Arnoldi method [2, 28, 39, 40, 42, 49] is a standard way to find eigenpairs of a large
non-symmetric matrix. The Arnoldi iteration for matrixB − σI can be represented by

(B − σI)P = PG+ βjpj+1e
∗
j

HereP is ann by j orthonormal matrix with columns spanning a Krylov subspace of
dimensionj , pj+1 will be the next column ofP , G is aj by j upper-Hessenberg matrix,
andβj will be the(j + 1, j) entry of the nextG. Equation (2.4) becomes

G∗g = 1

θ − σ
(G∗G+ β2

j ej e
∗
j )g (3.1)

This can be converted to a nicer form with an orthogonal factorizationG = SR̄, whereS
is orthogonal (or unitary ifσ is complex) andR̄ is upper-triangular. Then

G∗G+ β2
j ej e

∗
j = R̄∗R̄ + β2

j ej e
∗
j

= R∗R
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whereR is upper triangular and differs from̄R only in thejj element. For that element,
r2
jj = r̄2

jj + β2
j . So equation (3.1) becomes

G∗g = 1

θ − σ
(R∗R)g. (3.2)

For experiments in this paper, we used (3.2), but there are ways to rewrite it. See [14,
equation (5.22)], and from [33, 17] there is the formula

(G+ β2
j f e

∗
j )g = (θ − σ)g

wheref = G−∗ej . This follows quickly from (3.1).

3.1. Interior or Harmonic Arnoldi

1. Initialize: Chooseσ and starting vectorp1 of norm one.

2. Generation of Krylov subspace:for j = 1, 2, ..., do:
gij = (pi, (B − σI)pj ), i = 1, 2, ..., j

p̂j+1 = (B − σI)pj − ∑j

i=1 gijpi
gj+1,j = ||p̂j+1||
βj = gj+1,j , and
pj+1 = p̂j+1/βj

3. The reduced problem:
Set up and solveG∗g = 1

θ−σ (G
∗G+ β2

j ej e
∗
j )g,

for the eigenpairs with largest magnitude of1
θ−σ .

4. Find approximate eigenvalues and eigenvectors:Computeρi ’s using (2.5) and if desired
yi = Pgi . Residual norms can be checked for convergence.

The residual norms can be computed using (2.6), or for this Arnoldi case there is a more
reliable formula:

‖ ri ‖2=‖ (G− ρiI )gi ‖2 +β2
j g

2
mi

wheregmi is themth entry ofgi
For the case ofσ = 0, theθi values are mentioned in [4] and also have been studied

recently as the zeros of the residual polynomials generated by GMRES. Use of GMRES
zeros as approximate eigenvalues is discussed in [14, 15, 22, 23, 32, 44].

The reduced problem (3.2) is more complicated to set up and solve than the reduced
problem in standard Arnoldi, particularly ifσ is complex. However, the factored form of
the right-hand side allows for a more efficient solution. Also, in terms ofn, the expense of
the interior version of Arnoldi is the same as for standard Arnoldi.

The Arnoldi iteration is independent ofσ except for shifting the main diagonal ofG (this
has been observed before, see for example [8, 26]). We can get eigenvalue approximations
near anotherσ by doing another orthogonal factorization (of a differently shiftedG). In this
way it is possible to get eigenvalue approximations over whatever range is desired. We note
that the method is limited by the accuracy of the Krylov subspace. The subspace would not
be expected to be effective for interior eigenvalues, unless either the desired eigenvalues
are well separated from the rest of the spectrum or the subspace is quite large.

© 1998 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl., 5, 33–55 (1998)



Harmonic Projection Methods for Large Non-symmetric Eigenvalue Problems41

We next characterize the approximate eigenvectors found by the Interior Arnoldi method.
The harmonic Ritz vectorsyi can be written asyi = φ(B)p1, wherep1 is the first column
of P andφ is a polynomial of degreej − 1. This is becauseyi is from the Krylov subspace
of dimensionj . The following theorem shows that the roots of the polynomialφ are the
harmonic Ritz values (theθ values from equation (3.2)). See [23] for a similar discussion
of the GMRES polynomial.

Theorem 3.1. If yi is a Ritz vector from the Interior Arnoldi algorithm, then it can be
written asyi = φ(B)p1, whereφ is a polynomial such that

φ(λ) = α
∏

k 6=i
(λ− θk) (3.3)

Theθ values are defined in equations (2.4) and (3.2), andα is a normalizing factor.

Proof
Let yi = φ(B)p1. As in Theorem 2.4, let the harmonic residual vector ber̃i ≡ Byi − θiyi .
Define a new polynomialψ(λ) = (λ− θi)φ(λ). Thenr̃i = (B − θiI )φ(B)p1 = ψ(B)p1.

We will show that eachθk, for k from 1 toj , is a root ofψ . From (2.4),

0 = P ∗(B − σI)∗(B − σI)Pgk − (θk − σ)P ∗(B − σI)∗Pgk.
= P ∗(B − σI)∗(B − θkI )Pgk
= (

(B − σI)P
)∗
(B − θkI )Pgk

We have shown that(B − θkI )Pgk is orthogonal to the subspace spanned by the columns
of (B − σI)P . By Theorem 2.4,̃ri is also orthogonal to that subspace. So we have two
vectors,r̃i and(B − θkI )Pgk, that are both in the Krylov subspace of dimensionj + 1
and are both orthogonal to aj -dimensional subspace. The two vectors must be multiples
of each other. The polynomial corresponding to(B − θkI )Pgk has a root atθk, soψ has a
root atθk.

Now, sinceψ has roots at eachθk, we have thatφ has roots at allθk except forθi . These
are the only roots, becauseφ is degreej − 1.

The result (3.3) also holds for standard Ritz vectors, except theθ values are then the
standard Ritz values instead of harmonic. The proof is similar to the one just given; it uses
orthogonality of the residual vectors to the subspace spanned by the columns ofP . We just
state the result. See also [35, p. 240, 46, 47].

Proposition 3.1. If yi is a Ritz vector from the standard Arnoldi algorithm, then it can be
written asyi = φ(B)p1, whereφ is a polynomial and

φ(λ) = α
∏

k 6=i
(λ− θk) (3.4)

Theθ values are the standard Arnoldi Ritz values, andα is a normalizing factor.

We can now return to the discussion in Section 1 about the accuracy of approximate
eigenvectors for standard Rayleigh–Ritz. We look at the effect of a spurious Ritz value near
a good Ritz value in the standard Arnoldi method (see [33] for a related discussion of the
effect on the conjugate gradient method of inaccurate Ritz values that happen to fall near
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zero). Equation (3.4) shows why the Ritz vector can loose accuracy. Letλp be the desired
eigenvalue, and letθi be a standard Ritz value approximatingλp. Suppose another Ritz
value, sayθi+1, happens to fall nearλp. For the Ritz vectoryi to be an accurate eigenvector
approximation, the corresponding polynomialφ needs to be large atλp, compared with its
magnitude at the other eigenvalues [35, ch. 12]. But,

φ(λp) = α
∏

k 6=i
(λp − θk)

and one of the factors in this product is(λp − θi+1). This causesφ to be relatively small
at λp and the Ritz vector to be inaccurate. Now, compare this to Arnoldi with Interior
Rayleigh–Ritz. Ifλp is the eigenvalue nearestσ , it is very unlikely that a spuriousθi+1
value will hinder the accuracy ofyi . This is because theθ values in (3.3) are from Interior
Rayleigh–Ritz. As mentioned in the previous section, they generally do not come nearσ

unless they correspond to accurate Ritz vectors. Next, we look at some examples for Interior
Arnoldi.

Example 1.
As a test matrix, we generate a 998 by 998 non-symmetric, block-diagonal matrix. The
eigenvalues of the matrix are distributed around two circles in the complex plane centered
at −2 and 2 with radii of 1. On each circle, the real parts of the eigenvalues are equally
spaced. The matrix has two 1 by 1 blocks with entries 1.0 and -1.0. There are 249 blocks
that are 2 by 2 with diagonal entries bothα, superdiagonal entryα − 3, and subdiagonal
entryα − 1, whereα = 1 + 2

250, 1+ 4
250, ... , 3− 2

250. There are 249 blocks that are 2 by
2 with α on the diagonal,α + 1 above, andα + 3 below, whereα = −1 − 2

250, −1 − 4
250,

... ,−3 + 2
250. The desired eigenvalue is the one at 1. The value ofσ is chosen to be 0.9.

The starting vector has all entries equal to 1. Both standard Arnoldi and Interior Arnoldi are
restarted every 50 iterations. Standard Arnoldi is restarted with the Ritz pair closest to 0.9,
while interior Arnoldi uses theθ closest to 0.9 to pick the approximate eigenpair(ρi, yi)
for restarting. Figure 1 gives the results for 50 restarted runs. The residual norm of the best
approximation to the eigenvalue at 1, at the time of each restart, is given. Interior Arnoldi is
better than standard Arnoldi. When the standard Arnoldi method restarts, it does not always
have a good approximation. However, neither method is satisfactory.

Next, we implement these methods differently. Additional approximate eigenvectors are
included in the new subspace after a restart is done. We call these methods ‘Arnoldi with
Eigenvectors’ and ‘Interior Arnoldi with Eigenvectors’.

3.2. Arnoldi with eigenvectors

1. Lety1, y2, . . .,yk be approximate eigenvectors.
2. Generate a Krylov subspace of dimensionj with y1 as the starting vector, using the

Arnoldi iteration.
3. Orthogonalizey2, . . ., yk against the Krylov subspace. LetP be the matrix whose

columns span the combined space Span{y1, By1, ..., B
j−1y1, y2, ..., yk}.

4. Apply the Rayleigh–Ritz procedure to the subspace spanned by the columns ofP . Choose
Ritz vectors as the new approximate eigenvectors, and if needed, restart at Step 1.
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Figure 1. Matrix with eigenvalues on two circles.
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See [28] for a discussion of adding approximate eigenvectors to the subspace and for im-
plementation details. It is interesting that the Arnoldi with Eigenvectors method is equivalent
to Sorensen’s Implicitly Restarted Arnoldi [49], as long as no eigenvector approximations
are specified at the beginning of the procedure (before any restarts) [28].

Interior Arnoldi with Eigenvectors is the same except that Interior Rayleigh–Ritz is used.
See [30] for an implemention. The brief algorithm is as follows.

3.3. Interior Arnoldi with eigenvectors

1. Lety1, y2, . . .,yk be approximate eigenvectors.
2. Generate a Krylov subspace of dimensionj with y1 as the starting vector, using the

Arnoldi iteration.
3. Apply the Interior Rayleigh–Ritz procedure to the subspace Span{y1, By1, ..., B

j−1y1,

y2, ..., yk}.
Choose interior (harmonic) Ritz vectors as the new approximate eigenvectors, and if
needed, go back to 1.

For our example, we use 47 Krylov basis vectors and three additional approximate eigen-
vectors, so the subspace is again of dimension 50. The results are also shown in Figure 1.
Both the standard and interior methods improve with the addition of approximate eigen-
vectors. Between the two methods, the interior version is considerably better.

Finally, the value ofσ is changed to 1.0, so that it equals the eigenvalue. The Interior
Arnoldi with Eigenvectors method is tested, and it reaches residual norm of 0.48× 10−5

after 50 runs. So, the method does not perform as well withσ = λ, but it is still as good
as the standard Arnoldi with Eigenvectors method. Multiple copies of the eigenvalue at 1.0
appear, which could perhaps be used as an indication thatσ should be changed [26].

Example 2.
Now we use the 1 001 by 1 001 tridiagonal matrix with 1 in each superdiagonal position,
−1 for the subdiagonal elements, and with−510,−509, ... ,−12, −11, 0, 11, 12, ... 510
on the main diagonal. The desired eigenvalue is at 0.0. The four eigenvalues nearest are
±11.91± 0.71i, and the next few out from the origin are±13.1, ±14.0, and±15.0. The
σ value is chosen to be 1.0. Otherwise, the testing is done as in the previous example. The
results are given in Figure 2. Again, the interior versions are better. They converge faster and
also have smoother convergence. For this problem, using extra approximate eigenvectors is
not really necessary with the interior method.

Example 3.
In this example, the goal is to extract information about the spectrum from an Arnoldi run
without restarting. We use a matrix considered by Manteuffel and Starke [23]. It is a normal
matrix with eigenvalues as shown in Figure 3. The best possible approximation to the region
in the complex plane containing the spectrum is needed for solving linear equations with
an iterative method [23]. Figure 4 has a plot of the standard Ritz values found during 100
different runs, all with subspaces of dimension 15, but with different random starting vectors
(this is similar to a plot in Figure 2.1 in [23]). The Ritz values do not give a full picture of
the spectrum. In particular, the location of the part of the spectrum nearest zero is unclear.

Manteuffel and Starke use the harmonicθ values from (2.4) withσ = 0 to get more
information about the spectrum. Figure 5 shows this is helpful for identifying the portion of
the spectrum furthest from the origin. However,θ values do not always work so well. If we
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Figure 2. Tridiagonal matrix.
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Figure 3. True eigenvalues. Figure 4. Regular Ritz values.

Figure 5. Theta values, sigma= 0. Figure 6. Theta values, sigma= 5.
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Figure 7. Rho values, sigma= 0. Figure 8. Rho values, sigma= 0.5.

recall where theθ values come from, they are designed for approximating the eigenvalues
nearσ . In the symmetric case, theθ ’s provide an outer bound on the eigenvalues nearσ

(there are eigenvalues betweenσ and the nearestθ ’s). But theθ ’s are not as accurate asρ
values for estimating eigenalues nearσ , and for the portion of the spectrum away fromσ ,
little accuracy can be expected. Figure 6 shows theθ values withσ = 0.5. There is one real
θ value larger than 1.5, and many others outside of the spectrum.

Next consider theρ values withσ = 0; see Figure 7. They give a better picture of the
portion of the spectrum nearest to the origin. Figure 8 shows theρ’s with σ = 0.5. There
is some danger in relying onρ values ifσ is chosen so that to one side ofσ there are two
separate portions of the spectrum with a gap in between. There is then a chance thatρ values
will fall in the gap. This happens in Figure 8, with some of theρ values creeping slightly
into the empty circular region surrounding the origin.

It is possible to take theρ values with several differentσ ’s and combine them in one
picture. Figure 9 has the standard Ritz values and theρ values withσ = −0.5, 0.0, 0.25, 0.5,
0.75, 1.0 and 2.0 (we have used only realσ ’s, but complex values are also possible). By
combining these different values, a good picture of the spectrum is obtained. Note that with
a different procedure, Manteuffel and Starke also obtain a better picture of the spectrum
than that given by just the Ritz andθ values [23].

We next look at the approximation of the spectrum that can be obtained if just one run of
Arnoldi is available. Figure 10 has a plot with the Ritz values and the variousρ values as in
Figure 9, but using only one run with a random starting vector. The picture of the spectrum
is about as good as with 100 runs.

4. Applications to preconditioning methods

The Davidson and generalized Davidson (GD) methods [9, 27, 29, 31, 48, 50] use a subspace
generated by a preconditioned operator instead of a Krylov subspace. However, like Arnoldi,
they use the Rayleigh–Ritz procedure to extract approximate solutions from the subspace.
The preconditioning can improve convergence, particularly for interior eigenvalues. We
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Figure 9. Ritz and rho values. Figure 10. One run, Ritz and rho.

briefly describe preconditioning for eigenvalue problems, then give examples that show the
potential of preconditioning for interior problems and show that Interior Rayleigh–Ritz is
important.

The GD method builds a subspace iteratively. At every iteration the best current ap-
proximate eigenpair(ρ, y) is computed. Then the new vector for the expanded subspace
is

v = (M − αI)−1(B − ρI)y

whereM is an approximation ofB, andα is generally chosen to be near the desired
eigenvalues. This vectorv is not itself an approximate eigenvector, but can be viewed as
a correction to the approximate eigenvectory. Alternatively, we can view this method as
approximately generating a Krylov subspace. Supposeρ approaches the eigenvalueλ with
associated eigenvectorz. Then the new portion of the subspace will be approximately Krylov
with operatorN ≡ (M − αI)−1(B − λI). This operator hasz as an eigenvector, and the
corresponding eigenvalue is 0. It is hoped that this eigenvalue will be well separated in the
spectrum ofN .

If M − αI is a good approximation ofB − λI , the other eigenvalues ofN will be
mostly compressed around 1. So, the preconditioning effectively changes the distribution
of eigenvalues and makes convergence better for the desired eigenvalue.

4.1. The GD method

0. Choose an initial subspace Span{v1, v2, ..., vk}.
Iterate forj = k + 1, k + 2, ... :

1. Use either standard Rayleigh–Ritz or the Interior Rayleigh–Ritz procedure to extract an
approximate eigenpair(ρ, y) from the subspace.

2. Chooseα. Let vj = (M − αI)−1(B − ρI)y.
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3. Let the new expanded subspace beSpan{v1, v2, ...vj−1, vj }, and go to 1.

There is a correspondence between the two problems of computing interior eigenvalues
with the GD method and solving indefinite systems of linear equations with a preconditioned
Krylov subspace method. For this discussion we assume that eigenvalues near zero are
desired; for eigenvalues away from zero the correspondence would be to linear equations
with a shifted matrix. When solving linear equations withB, the preconditioned matrix
is M−1B. HereM is an approximation ofB, and left preconditioning is being used. A
simple criterion for effective preconditioning is that the spectrum ofM−1B be compressed
around 1 and be away from 0. For computing the eigenvalue nearest 0, sayλ, the same
preconditioner can be used. Then the operator for GD will approachN = M−1(B − λI).
The desired eigenvalue ofN is at 0, and we want the others compressed about 1, away
from the one at 0. This is similar to the criterion for linear equations. The two operators
M−1B andM−1(B − λI) are similar, becauseλ is small. Their spectra have some distinct
differences (specifically, the eigenvalue at 0), but are likely to be mostly the same. So,
there is reason to try preconditioners developed for indefinite linear equations on interior
eigenvalue problems.

There are several choices in implementing the GD method. For the examples that follow,
complex basis vectors are used for the subspace (see [27] for an approach that uses real
vectors). Theα value is set equal toσ , the initial eigenvalue estimate, and is not changed.
The Interior Rayleigh–Ritz version of the method orthogonalizes these vectors with respect
to the(B−σI)∗(B−σI)norm, so the right-hand side of equation (2.4) is the identity matrix.
When standard Rayleigh–Ritz is used in Step 1 of the algorithm, we call the method standard
GD. With Interior Rayleigh–Ritz, it is called Interior GD. The first example demonstrates
that preconditioning can make a difference for interior eigenvalue problems.

Example 4.
Let B be the same matrix as in Example 2. All of the versions of Arnoldi converged very
slowly for this matrix. To reach the residual norm of 10−6 required over 1 000 iterations
(25 runs out to dimension 50) for Interior Arnoldi. Now we use GD with diagonal precon-
ditioning and withα = σ = 1.0. For standard GD, the approximate eigenpair(ρ, y) is
chosen as the Ritz pair with Ritz value nearestσ . For Interior GD, the(ρ, y) corresponding
to theθ value closest toσ is used. The convergence test is||r|| < 10−6. The standard
GD method converges in 17 iterations, a tremendous improvement. The interior version
converges in 16 iterations. So the interior method is not really needed in this case. The
tremendous improvement brought by preconditioning is due to the structure of the matrix.
The main diagonal is a good approximation of the whole matrix.

We next examine a more realistic preconditioning situation. The purpose here is not
to give a thorough study of preconditioners for interior eigenvalues. Instead, we wish to
demonstrate that some of the techniques that have been developed for preconditioning
indefinite systems of linear equations can be applied to interior eigenvalue problems.

Example 5.
We consider a test matrix from the Harwell–Boeing Sparse Matrix Collection [10]. The
matrix is SHERMAN5, which is from an oil reservoir simulation problem. It has dimension
3 312 and an average of six non-zero elements per row. It is well suited for preconditioning
because the larger elements are on or near the main diagonal. The matrix is indefinite with
many eigenvalues on both the negative and positive sides. We compute the three eigenvalues
nearest zero: 0.047, 0.125, and 0.403. The next eigenvalue is 0.580 and the matrix has
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Table 1. SHERMAN5 matrix

Interior GD Standard GD
iterations iterations

Arnoldi (no preconditioning) 5 000+ —
ILUT, NFILL=5 87 453
ILUT, NFILL=20 44 91

elements of magnitude near 1 000. With no preconditioning, this is a difficult problem. The
three desired eigenvalues are on the interior and are not well separated compared with the
rest of the spectrum. We attempt to compute these eigenvalues so that the residual norms
are below 10−5.

For a comparison to an approach without preconditioning, the Interior Arnoldi with
Eigenvectors method is used (Arnoldi with standard Rayleigh–Ritz was not tested). The
method is restarted when the subspace reaches dimension 30. Eight approximate eigenvec-
tors are retained at each restart. We allow 250 runs or 5 508 iterations, but the residual norm
for the third eigenvalue is still above 10−5. It is at 0.18× 10−4 but is barely improving.

Next we try an incomplete factorization preconditioner [24, 37]. Saad’s ILUT [37] is used.
This preconditioner monitors the size of prospective fill-in elements and keeps the larger
ones. This is an attempt to have a fairly accurate factorization, while controlling expense
and storage. With this tolerance check for the size of elements that are dropped during the
factorization, the method can be more effective for indefinite problems [37]. The particular
ILUT program used is from QMRPACK [16]. It has row storage, while the Harwell-Boeing
matrices are stored by columns. So, we used the transpose of an incomplete factorization
of BT as the preconditioner. We letα = σ = 0. So, no shifting is done before factoring.
This preconditioner is never changed, so only one incomplete factorization is needed.

For standard GD, the approximate eigenpair(ρ, y) is chosen as the Ritz pair with Ritz
value nearestσ . For Interior GD, the(ρ, y) corresponding to theθ value closest toσ is
used. The maximal dimension of the subspace is 20, and five approximate eigenvectors
are retained at the restart. The initial starting vector is the right-hand side vector given for
SHERMAN5 in the Harwell–Boeing collection.

Two tests are done. The parameters in the ILUT program are first chosen as NFILL= 5,
TOL=10−3 and then allowing more fill-in, NFILL= 20, TOL=10−3. The effect of the
preconditioning is remarkable; see Table 1. For Interior GD, only 44 iterations are required
to find the three eigenvalues with the second preconditioner. With standard GD, 91 iterations
are needed. Let us examine this more closely. Standard GD actually finds the first eigenvalue
quicker than the interior method, 14 iterations to 19. It is not clear why this happens, but
initial convergence for the GD method is more unpredictable than for Krylov subspace
methods. For the next two eigenvalues, standard GD has frequent appearances of spurious
Ritz values that detract in two different ways. For some iterations, the Ritz value closest
to the origin (other than the one or two that have already converged) is spurious. With the
corresponding spurious Ritz vector chosen for Step 2 of the GD method, that iteration is
essentially wasted. At some other iterations, the best Ritz pair is the one closest to the origin
and so, as we would wish, it is chosen as the Ritz vector for Step 2. But a nearby spurious
Ritz value reduces the accuracy of this Ritz vector and there is little improvement for this
iteration. We give examples of these two effects: at iteration 23, the spurious Ritz value
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Figure 11. The 25 rightmost eigenvalues of BWM2000.

0.1221+ 0.0013i (with less accurate Ritz vector) is chosen instead of the more accurate
Ritz value 0.1259− 0.0002i. Then for iterations 24 to 28, the best Ritz value 0.1255 is
chosen, but there are a couple of spurious values nearby. At step 24, they are 0.219−0.304i
and 0.220+0.334i, but they move around. There is no improvement during these iterations.
So, even if the best Ritz vector could always be chosen, standard Rayleigh–Ritz would not
always work well for the GD method, because it is important to have the best possible
approximate eigenvector at every iteration.

Example 6.
Let the matrix be BWM2000 from the Test Matrix Collection for Non-Hermitian Eigenvalue
Problems [3]. This matrix was generated from modeling a chemical reaction [38]. Figure
11 shows the 25 smallest eigenvalues. There are other eigenvalues past−105, so the small
ones are not well separated relative to the whole spectrum. The elements of the starting
vector are chosen randomly from the interval (−1,1). For standard GD, the approximate
eigenpair(ρ, y) is chosen as the Ritz pair with Ritz value nearestσ . For Interior GD, the
(ρ, y) is the one corresponding to theθ value closest toσ , but with imaginary part greater
than−1. This is so only one of a complex conjugate pair is computed. The convergence
test is||r|| < 10−5. The maximal dimension of the subspace is 25, and 10 Ritz vectors are
retained at the restart.

For the preconditioner, we just consider ILUT with NFILL=60 and TOL=10−6. Lesser
values of NFILL were much less effective. We do three different comparisons. First, the five
eigenvalues nearest to the origin are computed (counting a complex conjugate pair as one
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Table 2. BWM2000 matrix

Interior GD Standard GD
iterations iterations

σ = 0,α = 0 92 85
σ = 0,α = 5 52 71
σ = −20,α = 5 465 —

Figure 12. Reciprocals of 25 eigenvalues of BWM2000.

eigenvalue). Also, the matrix is not shifted before the incomplete factorization. Soσ = 0
andα = 0. The five eigenvalues are exterior, since they are on the edge of the spectrum.
However, they can also be viewed as being interior eigenvalues because the smallest ones
are somewhat between the ones further out. See Table 2 for the results. Standard GD finds
the five eigenvalues in 85 iterations, which is slightly faster than Interior GD. This is in spite
of the fact that standard GD has some trouble with spurious Ritz values. Spurious values
interfere at 13 of the iterations, all during computation of the first two eigenvalues. It is
interesting that spurious Ritz values appear even for these rightmost eigenvalues. Figure 12
plots the reciprocals of the 25 smallest eigenvalues. As these values are computed, starting
with the one farthest from the origin, none of them are between values that are not yet
computed. This shows why Interior Rayleigh–Ritz does not get spurious values here as
does standard Rayleigh–Ritz.

Next the preconditioner is changed. This time the matrix is shifted. The preconditioner is
the transpose of the ILUT factorization ofBT − 5I , again with NFILL=60 and TOL=10−6.
This matrix has eigenvalues shifted to the left by five, so it is a little further from being
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indefinite. For this test, Interior GD converges faster than standard GD, 52 iterations com-
pared with 71. It is not clear why this happens, since this time standard GD does not have
problems with spurious Ritz values.

The last test is for computing eigenvalues further in the interior. The five eigenvalues
nearest to−20 are sought. The same factorization ofBT −5I is used. Interior GD finds the
eigenvalues in 465 iterations. Standard GD does not find any in 500 iterations. There are
many spurious Ritz values that interfere. This test shows the importance of using Interior
Rayleigh–Ritz with preconditioning methods for interior eigenvalues.

Finally, we mention that a factorization ofBT + 20I was also tried for computing the
eigenvalues near−20, but was not effective. This matrix is fairly indefinite, and other pre-
conditioners should be tried. See [6, 38, 41] for other approaches, such as pivoting or
incomplete QR factorization.

5. Conclusion

A modified version of the Rayleigh–Ritz procedure for non-symmetric eigenvalue problems
has been discussed. It attempts to find estimates of eigenvalues near a specified value.
Not only are better approximate eigenvalues (theρ values) produced, but identification of
which approximations are most significant is easy even at early stages by considering the
harmonicθ values. The Interior Rayleigh–Ritz procedure is particularly important in the
non-symmetric case, because restarting is generally used, and it is important to restart with
the best possible eigenvector approximations.

If an approximation of the boundary of the spectrum is needed, approximate eigenvalues
from this technique can be combined with standard Arnoldi Ritz values to give a better
picture. Much work could be done on further developing this. A procedure for choosing the
σ ’s would be desirable.

Krylov subspace methods, such as the Arnoldi method, often have difficulty computing
interior eigenvalues, so it is important to also consider preconditioning methods. Precondi-
tioners that have been developed for indefinite linear equations problems can be used, but
further study is needed.

Also of interest is an interior version of the non-symmetric Lanczos algorithm. A two-
sided interior Rayleigh–Ritz approach is possible (see [54]).
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