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@ Circulant graphs

© Intermediate statistics

9 Cayley graphs
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Circulant graphs

Circulant graphs

o Cayley graph of cyclic group Z,.
e Vertices {1,...,n}.
@ Fix 3= (a1,...,a4),st0< a1 <ax<---<ag<n/2
e Edges (i,j) € £ iff |i — j| = a, mod n; circulant graph C,(a).
o C,(a) connected iff ged(ay,...,aq4,n) = 1.
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Figure: Circulant graph Gg(1,2). BAYLOR
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Circulant graphs

@ Circulant graphs share rotation symmetry with star graphs.
o Let o(j)=j+1;i~jiff o(i) ~ o(j).

a
()10 1

Figure: (a) Star graph with 11 edges. (b) Circulant graph Ci1(3,5).
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Circulant graphs

Quantum graph

Metric graph: associate edge (i, j) with interval [0, L; ;].
Total length: £ =73 yee Lij-
Laplace equation on [0, L; ],

d2
~ e Vi) = ki j(xij) -
1J

Domain H?[0, L; ;] on each edge with Neumann-like vertex
conditions; v continuous and

Y Wii)=0. (1)

jei
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Circulant graphs

Quantum circulant graphs

Q ¢ (E a) quantum circulant graph edge lengths L

Q C (/ &) quantum circulant graph symmetric edge lengths;
fix [ = {h,..., Iy}, assign edge lengths to C, (L a) s.t. (i,))
has length I, when |i —j| = ap mod n.

Figure: Quantum circulant graph symmetric edge lengths C6(/_f 1, 2)BAYLOR
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Circulant graphs

Secular equation

o &= (¢1,...,0n)" values of 1) at vertices,

¢j — picoskLi;\ .
vij(x) = (— sin kx + ¢; cos kx .
J sinkL;
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Circulant graphs

Secular equation

o &= (¢1,...,0n)" values of 1) at vertices,
N (9 — gicoskLi;\ . _
Yij(x) = ( sn kL sin kx + ¢; cos kx .

@ Substitute in vertex condition (1) at i,

Z(d)jCSCkL,’J — ¢jcot kL,'J) =0.

jri
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Circulant graphs

Secular equation

o &= (¢1,...,0n)" values of 1) at vertices,

¢j — ¢icoskL;;\ .
vij(x) = (— sin kx + ¢; cos kx .
J sinkL;

@ Substitute in vertex condition (1) at i,

Z(d)jCSCkL,’J — ¢jcot kL,'J) =0.

j~i
@ In matrix form M(k)® =0,

[M],',' = — ZCOt kL,"j

jri

[M],J = CSC kL,'d' i N_j BAYLOR
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Circulant graphs

Theorem 1 (Secular equation)

Let k € C\D. Then k? is an eigenvalue of the negative Laplace
op. on Cy(L; &) with multiplicity m iff k is an m'th root of,

det M(k) = 0.

Dirichlet spectrum

D:{%qz eN(pUEE}
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Circulant graphs

1 1 —— -
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Figure: Histogram of nearest-neighbor spacing distribution, 50, 036
eigenvalues of C49(E; (3,4,9,12,15,19,20)) compared to Wigner surmise
for the GOE and corresponding integrated nearest-neighbor spacing
distribution.
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Intermediate statistics

Circulant matrix

()] Ch—1 . (6] 1
a G Cp-1 %)
C = 1 [))
Ch—2 e L Cpe1
Ch—1 Cph—2 e (5] ()]

Adjacency matrix of circulant graph is circulant matrix.

Representer

p(z) =co+ciz+-+ch12" !

det C = Hp(wj) w = exp (2mi/n) BAYLOR
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Intermediate statistics

Secular equation with symmetric edge lengths

Consider secular equation det M(k) = 0 for Ca(/; 3) with
symmetric edge lengths.

d
[M],',' = — Zcot ki,
h=1
[M];j = csc kLp, |i—j|=an modn

Let Aj be the adjacency matrix of the subgraph C,(ap).

d d
= <—2Zcot kfh> n+ Z cscklp) A
h=1 h=1

So M(k) is a circulant matrix. BAYLOR
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Intermediate statistics

Theorem 2 (Secular equation with symmetric edge lengths)

Let n odd and k € C\D. Then \ = k? > 0 is an eigenvalue of
negative Laplace op. on Cy(l; 3) with multiplicity m iff k is an
m'th root of,

(n—1)/2
po(k) T Ipi(K)P=0.

Jj=1

i
pj(k) = » cos (%‘”7) csc(klp) — cot(klp)  j>1
1
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Intermediate statistics

Theorem 2 (Secular equation with symmetric edge lengths)

Let n odd and k € C\D. Then \ = k? > 0 is an eigenvalue of
negative Laplace op. on Cy(l; 3) with multiplicity m iff k is an
m'th root of,

(n-1)/2
po(k) T Ip(K)P =

Jj=1

d
ki
Z ( h> =0 star graph

d
2
Z ( ﬂjah) csc(klp) — cot(klp)  j>1
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Intermediate statistics

Quotient graph

Isolate subspace associated to irreducible representation of graph
symmetry.

@ Isospectral graphs - Band, Parzanchevski, Ben-Shach (‘09),
Parzanchevski, Band (‘10).

e GSE statistics without spin - Joyner, Miiller, Sieber (‘'14).
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Intermediate statistics

Quotient graph of circulant graph

e Add dummy vertices at /2.

e Fundamental domain; vertex & neighbouring dummy vertices.

e Quotient graph; identify pairs of dummy vertices of
fundamental domain on edges length /,/2.

Figure: C5(I_; 1,2) with dummy vertices and quotient graph. BAYLOR
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Intermediate statistics

e Symmetry group Z, generated by o(v) = v + 1.

o lIrreps. S; for j=0,...,n—1; Sj(c) = €% where 6, = 27j/n.

@ Spectrum decomposes into subspectra whose eigenfunctions
transform according to ;.

Subspectrum transforming according to S; is spectrum of quotient
graph with matching conditions at h'th degree two vertex,

d%—(%/2)==€ﬁ®¢%+(h/2),
Ph_(In/2) = €%}, (1n/2) .

¥p— function on [0, /5/2] and vp4 function on [/5/2, ¢p].

BAYLOR

Jon Harrison Quantum graphs with symmetry



Intermediate statistics

Let ¢ be value of v at central vertex of quotient graph,
Dh_(x) = ¢ [cos(kx) + (1 csc(kiy) — cot(kly)) sin(kx)]
Py (x) = pe 2% [cos(kx) + ('@ csc(kly) — cot(klp)) sin(kx)}

Neumann-like condition at central vertex requires,

d

Z cos(apf;) csc(klp) — cot(klp) =0 . (2)
h=1

Equivalently p;(k) = 0.

(Note: pj(k) = pn—j(k) as Op—j = 2w —0;.)
BAYLOR
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Intermediate statistics

Dirichlet spectrum

Eigenvalues in Dirichlet spectrum of C,,(I?é') also appear with
Neumann-like vertex conditions.

Forae I'e(1—e1+€) and all meN, m?x2/I? is in the
spectrum of the graph with multiplicity |J| where,

J={j€e{0,...,n—1}:2ja, =qn

for some odd/even q when m is odd/even} .

e For any n, m27r2/E§ is in the spectrum for even m.

e For odd n, mzﬂz/ﬂé is not in the spectrum for odd m.

Proof. Use quotient graph with k = mn/Ip. BAYLOR
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Intermediate statistics

Intermediate statistics

Spectral statistics between RMT ensembles and Poisson.

o Seba billiards - Seba ('90), Alveverio, Seba (‘91).

@ Aharonov-Bohm int. billiards - Date, Jain, Murthy ('94),
Bolgomolny, Giraud, Schmidt (‘01), Rahav, Fishman (‘01).

e Polygonal billiards rational angles - Parab, Jain ('96),
Grémaud, Jain ('98), Bogomolny, Gerland, Schmidt (‘01).

e Quantum map eigenphases - Giraud, Marklof, O'Keefe (‘04).

@ Anderson model at metal-insulator transition point.
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Intermediate statistics

Two-point correlation function

Two-point correlation function Rx(x) defined by,

1 N N
Jim L3S ek k) =0+ [

i=1 j=1 -

o

g(x)R2(x) dx

for suitable test function g.

Note: if g approximates characteristic function of an interval R; is
a measure of pairs of eigenvalues whose separation falls in the
interval.

BAYLOR
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Intermediate statistics

Star graph

e Bogomolny, Gerland & Schmit ('99,'01)

Ry(x) ~ 7TT\/gx x—0

o Berkolaiko & Keating (‘99), Berkolaiko, Bogomolny &
Keating ('01)

2 76 1
Rz(x)””W*w*O(E) X o0

e Dirac op. on rose graph - H & Winn (‘12)

Ro(x) ~ %Cx x—0

2 1 1
RQ(X)N1+2— 3+O(—) X — 00

m2x2  8rhxt BAYLOR
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Intermediate statistics

Small parameter asymptotic

E(Ry(x)) ~ %In2 (g) x x>0

@ Secular egn. similar to star graph (set 6, = 0),

d
Zcos(ﬁh) csc(klp) — cot(kly) =0
h=1
> 1 mm
k—cotk = —1)™cosf—1 -
cos 6 csc k—cot Z ((=1)"cos @ )(k—|—7rm 1—|—m27r2)

m=—oo
@ Statistics of small spacing’s approximated by zeros of,

r rn r
=0.
k-—C1+_k—-Q2+-k—>q

. . BAYLOR
@ ri =1— cos#;; 0; randomly chosen ap multiples of 27j/n. = "0
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Intermediate statistics

Large parameter asymptotic

2 1 1

E(R2(X))N1+W—27T4X4+O<E) X — 00

@ Use small parameter behavior of form factor: Fourier
transform of Ry(x),

d

E(K(r)) = Jim_ > R(t,d)
t/2d—T h=1

Rt d)= ooy S LR[S %

r,
L restricted peP: P
to h edges Ly=L BAYLOR
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Intermediate statistics

Periodic orbits on one edge: h=1

Rl(t,d)z%2 > I’E Z%

L restricted peP; P
to 1 edge Lp=L

@ Scattering coefficients center; 1/d or 1/d — 1 back scattering.
e Scattering dummy vertex; eti% no back scattering.
@ Orbit length t even and maximum back scattering

p = e€eé- - - eéeé
. 1\ 2t

. 1 Adt
Jim Kt d) ~ lim 2(1—3) =2 payLOR

d—o0
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Intermediate statistics

Periodic orbits on one edge: h=1

@ Orbit length t odd and maximum back scattering
{eéeé- . e88
pP=9_ _ _
€ece- - - €ee
t? 1) *72 +i o
- ~ 0. 0012
Kl(t’d)Nﬁ(l_a> ]E{(e ! —i—e:Fl ) }
4d1—-2
. ~ ST 2 2
d||_>moo Ki(t,d) ~ d||_>moo 27 (1 - —) E {4 cos” 0. }

d
t/2d—T

= 472747
@ Average contribution from t even and t odd,

(1+272)e ™ BAYLOR
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Intermediate statistics

Periodic orbits on h > 1 edges

@ Maximal back scattering; h transitions between edges.
@ Choose h — 1 transition points from t — 1 locations.
@ Scattering at central vertex,

t—h
L) 1.
d d
@ Phase from r edges with odd bounces,
22(h=NE 122" 0520, ---cos2f, b = 22"
i1 ir

Combine results for all h,

E(K(r))~ (1—7—4r%) e +7¢7 . BAYLOR
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Intermediate statistics

X  j=401 X Average
0.2 Small = prediction 0.2 Small z prediction
Large x prediction N Large x prediction
0 0
0 1 2 3 4 0 1 2 3 4
x xT

Figure: Two-point correlation function for subspectrum of C7919(I_fé’)
transforming according to irrep. Sag1, 20000089 evals., ¢ = 5.51 (left)

and two-point correlation function of subspectra of C7919(I_55’) averaged
over all non-trivial irreps., 5362 evals. per spectrum, ¢ = 5.26 (right).
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Cayley graphs

Cayley graph

G finite group generated by {a, b}.
a,border >3, b¢ {a,a"t}.
Example: G = SL(2,p), p > 5 prime.

=( o) e=(7 1)

I Cayley graph of G wrt S = {a,a~ !, b, b1},

V=G E={(g,g5): g€ G,seS}

Metric graph: length 2a for edges (g, gs) for s € {a,a7 1},

length 23 for edges (g, gs) for s € {b, b1}.

Quantum graph: negatlve.l_.aplace op. on metric graph WItEAYLOR
Neumann-like vertex conditions. SRR
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Cayley graphs

Quotient graph

o Given d dim irrep. ,
A= 7r(a) B =n(b) .

@ Add dummy vertices ag, 30 , bo, b at midpoints.
@ Fundamental domain about vertex e; four edges,

(e;a0) (e,ap') (ebo) (eby!).

o Take d fundamental domains.
o lIdentify ag1, . - - agd, aall, . aadl, similarly for b vertices.

N 3 N v
N s N

ao1 » ag; " d0d aOG,1
bo1 = _bot b -1
N N BAYLOR
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Cayley graphs

Quotient graph

o Given d dim irrep. ,
A =7(a) B =m(b) .

@ Add dummy vertices ag, ao_l, by, bo_1 at midpoints.
@ Fundamental domain about vertex e; four edges,

(ev ao) (e7 aal) (ea bO) (e’ bo_l) .
@ Take d fundamental domains.
o lIdentify ag1, . .. agd, agll, e ao_(}, similarly for b vertices.

do

€1 €d

BAYLOR
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Cayley graphs

Vertex conditions

@ a maps agl toagonl.
@ h; function on (e,agjl) and f; function on (e, ag;)

@ At vertex ag Neumann-like conditions require,

Oé)—z jicfi(@)
:-—E:Aﬁﬂkk
k=1

@ Similarly B defines conditions at bg.

@ Neumann-like conditions at ey, ..., e4.
BAYLOR
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Cayley graphs

Example: SL(2,7)

G = SL(2,7) with 6-dim irrep. generated by,

1.0 0 0 00O o 1 0 0 o0 O
0 01 0O0O o o0 o0 1 o0 o0
A— 010000 B— o o 1 0 o0 O
0 0001 O0 |’ 10 0 0 0 O
0 001O0O0 o 0 o0 o o0 1
0 00 0O01 -1 -1 -1 -1 -1 -1

Secular equation,

- % csc(ark) csc(20rk) csc?(28k) sin(Bk) x (sin((a + B)k)
+ 4sin(3(a + B)k) + 2sin((a + 38)k) + 4sin((3a + 5B)k)> ~0.

Replace vertices e; with subgraphs to remove factorization. BAYLOR
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Cayley graphs

2
—— Poisson

P(s)

Figure: Histogram of nearest-neighbor spacings for SL(2,7) example with

K4 subgraph.
BAYLOR
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Cayley graphs

3
x
20 B
—
x %
2
%
L g - s x5
X
x»o&( yxixx»(w*&&;%xxwﬁgxf&g XK
0 I I I
0 1 2 3 4

Figure: Two-point correlation function for SL(2,7) example with Ky
subgraph.
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Cayley graphs

Summary

@ Secular equations of circulant graphs exhibit features of star
graph equation.

@ Intermediate statistics of subspectra transforming according to
typical irreps. differs from those associated to trivial
representation (and star graph).

@ Results for spectral zeta function, spectral determinant and
vacuum energy of circulant graphs.

[d J.M. Harrison and E. Swindle, “Spectral properties of quantum
circulant graphs,” J. Phys. A: Math. Theor. (2019)
https://doi.org/10.1088/1751-8121/ab22£3
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